We derive the low-energy theory of semi-quantized quantum Hall states, a recently observed class of gapless bilayer fractional quantum Hall states. These states feature gapless topological order-like properties, including gapless composite quasiparticles of fractional charge coupled to an emergent gauge field. While electrons are gapped, these composite quasiparticles lead to perfect interlayer drag. Semi-quantized quantum Hall states may furthermore enter non-Fermi liquid phases, and serve as versatile parent states for fully gapped topological phases hosting anyonic excitations.
Introduction. In recent years, topology has widely been recognized as an important organizing principle in nature. In its most simple form, topology allows to classify bandstructures of gapped, non-interacting systems. The role of an order parameter is played by so-called topological invariants: two systems can be smoothly deformed into one another if their topological invariants have identical values. In contrast, topologically distinct phases are separated by the closing and re-opening of a bulk gap.
This basic notion of topology has been extended in different ways. Gapless systems, for instance, can be topological in a generalized sense. A prime example are Weyl semimetals whose band structures have nodal points corresponding to quantized monopoles of Berry flux. As a result, Weyl semimetals exhibit many of the characteristics of gapped topological phases, including topological edge states, and transport governed by quantum anomalies. A second important extension of the basic notion of topology has been to strongly interacting systems. Of particular importance is the concept of topological order [1, 2] , realized for example in fractional quantum Hall effects. Topologically ordered state have no analogue in non-interacting systems, exhibit long-range entanglement, fractional anyonic quasiparticles, and a topological ground state degeneracy on non-trivial manifolds.
While topological order requires a bulk gap, related phenomena have also been discussed in gapless systems such as the composite Fermi liquid in a half-filled Landau level, gapless quantum spin liquids, quantum Hall states related to non-unitary or nonrational conformal field theories, fractional Weyl semimetals, and others (see for example Refs. ). A recent experiment has now identified a state that combines properties of a fractional quantum Hall effect with a gapless character [54] . This "semi-quantized quantum Hall state" has been measured in a bilayer quantum Hall system. Similar to a fractional quantum Hall state, it features quantized fractional Hall and Hall drag resistances alongside vanishing longitudinal resistances. In stark contrast to traditional bilayer quantum Hall states such as Halperin states [2, 55, 56] , however, the semi-quantized quantum Hall state persists along a continuous line of filling factors. This compress- ible behavior implies the absence of a full bulk gap.
In this work, we derive and analyze the full low-energy theory of semi-quantized quantum Hall states using the formalism of coupled-wire constructions (CWCs) [57] . Our microscopic derivation of the topological field theory governing these states goes significantly beyond the composite fermion picture of Ref. [54] , but agrees with it where we overlap. Focussing on composite fermion filling factor one for simplicity, we find that semi-quantized quantum Hall states are composed of a gapped Laughlinlike sector coupled to fractionally charged, gapless quasiparticles via an emergent gauge field, see Fig. 1 . Our microscopic construction allows us to translate observables between the languages of the effective low-energy field theory and the original electronic operators, which we use to analyze the intriguing properties of semiquantized quantum Hall states. Transport exhibits perfect interlayer drag and violates the Wiedemann-Franz law. While being globally gapless, semi-quantized quantum Hall states show a gapped electronic spectrum. Fully gapped states deriving from semi-quantized quantum Hall states inherit their topologically non-trivial char-
The coupled-wire bilayer model. Each wire is labeled by a wire number j and a layer index σ =↑, ↓, the distance between adjacent wires within a layer is ℓy.
acter. As a result, even a simple charge-density wave gapped daughter state hosts anyonic excitations.
Microscopic coupled-wire model. Our analysis starts by deforming the bilayer of two-dimensional electrons measured in the experiment [54] into a bilayer of quantum wires, see Fig. 2 . This transformation leaves topological properties of Hall effects invariant [57] . Neighboring wires within a layer, spaced by ℓ y , are weakly tunnelcoupled, but there is no tunnelling between the layers. Each wire hosts a single electronic band. Using Landau gauge, the dispersion of the j-th wire in layer σ =↑, ↓ is E jσ (k x ) = (k x + bj) 2 /2m with b = eBℓ y . Here, m is the effective mass, e < 0 denotes the electron charge, and B > 0 is the magnetic field [58] . At low energies, only the right-moving and left-moving modes close to the Fermi level are important. The electronic operators can then be decomposed as ψ jσ ≈ e ikF,Rjσ ψ Rjσ + e ikF,Ljσ ψ Ljσ , where ψ rjσ annihilates a right (r = R) or left (r = L) mover. Considering identical filling of all wires within a layer, the Fermi momenta can be written as k F,rjσ = b j +r k 0 F σ withR = +1 andL = −1. The electronic density per layer is ρ σ = k 0 F σ /πℓ y , which translates to filling factors ν σ = 2k 0 F σ /b. The non-interacting low-energy physics can thus be modelled by the Hamiltonian
where v F denotes the Fermi velocity. Following Ref.
[59], we bosonize the chiral modes as ψ rjσ = (U rjσ / √ 2πα) exp{−iΦ rjσ }. Here, α −1 is a large momentum cutoff, while U rjσ is a Klein factor that can safely be ignored in the remainder [60, 61] . The bosonized fields obey
, and relate to density fluctuations as ρ rjσ − ρ rjσ = −r 2π ∂ x Φ rjσ (these chiral fields are often represented as Φ rjσ =rφ jσ − θ jσ ).
After bosonization, the non-interacting Hamiltonian becomes
Electronelectron interaction modify this Hamiltonian in two ways: scatterings that do not transfer particles between chiral As was shown experimentally, semi-quantized quantum Hall states form by a partial gap closing in Halperin bilayer states [54] . In the language of CWCs [56] , Halperin bilayer states are the strong-coupling phase of two families of correlated inter-wire backscatterings (one per layer). These backscatterings can only be relevant in the renormalization group (RG) sense if they conserve momentum. Each family of backscatterings thus imposes one condition on the fillings, which in turn completely determines the filling factors (ν 0 ↑ , ν 0 ↓ ) of a given Halperin bilayer state. If the filling factors are detuned from (ν 0 ↑ , ν 0 ↓ ), the system can enter a semi-quantized quantum Hall states for combinations of filling factors at which one, but not both families of backscatterings preserve momentum.
In the remainder, we consider the correlated inter-wire backscatterings in the top layer to preserve momentum. As illustrated in Fig. 3 , this process corresponds to an electron tunnelling between wires j and j + 1 in the top layer, while simultaneous backscatterings in wires j and j+1 of both layers ensure momentum conservation. More precisely, momentum is conserved if [56] 
where K ↑↑ = 1 + 2 m ↑ and K ↑↓ = n 1 + n 2 . In a bosonized language, these backscatterings correspond to the sine-Gordon Hamiltonian
where we have introduced the fields
with↑ =↓ and vice versa. The values of m ↑ , n 1 and n 2 are set by the backscatterings, whereas m ↓ is a free parameter that drops out at the end of the calculation. These fields obey
where K σσ ′ are the entries of a matrix K with K ↓↓ = 1 + 2 m ↓ and K ↓↑ = K ↑↓ .
We now switch to a more convenient covariant notation [62] , and keep track of small deviations A of the electromagnetic potentials A from A 1 = −eBy and A 0 = A 2 = 0 in the gauge A 1 = 0. Writing the unit of charge in layer σ as q σ , with physical values q ↑ = q ↓ = e, yields the action
where ℓ y A 2,j+1/2 = j→j+1 dy ′ A 2 , while u σ and v σ denote effective Luttinger liquid velocities (both are of the order of v F ). To derive the low-energy theory in the strong-coupling phase of H g↑ , we now perform a sequence of exact transformations. At first, we apply a composite boson transformation to the ↑-sector by attaching an even number K ↑↑ of flux quanta to each particle in that sector. The corresponding fields can be further transformed by applying a vortex duality transformation. As has been shown in Refs. [63, 64] , these two transformations combined amount to introducing the fields
We then attach K ↑↓ inter-layer fluxes to the quasiparticles in both layers using yet another exact transformation. Defining Θ rj↓ = σ (K −1 ) ↓σφrjσ , we find this transformation to be [65]
in the gapped ↑-sector, and
in the gapless ↓-sector. These fields satisfy
, while all other commutators vanish. In terms of the new fields, the action in Eq. (5) has an extremely non-local expression. A local theory can be obtained at the expense of introducing an emergent gauge field α whose spatial components satisfy
and α j,2 = 0. The temporal component α j,0 enters the action as a Lagrange multiplier for the constraint in Eq. (8) . Further details on these exact transformations can be found in the Supplemental Material [65]. Semi-quantized quantum Hall states correspond to the strong-coupling phase of the sine-Gordon terms H g↑ . At strong coupling, these sine-Gordon terms pin their arguments to one of their minima (we choose Φ Rj↑ − Φ Lj+1↑ = 2 φ VCB j+1/2 ! = −q ↑ ℓ 2 A 2,j+1/2 without loss of generality). The canonically conjugate fields θ VCB j+1/2 then exhibit strong fluctuations. To find the effective low-energy, we integrate out θ VCB j+1/2 and then expand the resulting action to leading oder in spatial derivatives. The quasiparticle current densities in the gapped ↑-sector are represented by deviations of φ VCB j+1/2 from its pinning values,
Since the fields φ j↓ and θ j↓ obey the canonical commutator for the bosonized field of a fermionic theory, we can furthermore refermionize the gapless sector by introducing the composite quasiparticle fields ψ CQP rj = exp{−i(r φ j↓ − θ j↓ )} [66]. The universal topological low-energy theory corresponds the continuum limit of our CWC in y-direction, in which differences of fields in adjacent wires are replaced by a y-derivative. Shifting the gauge field by introducing β µ = α µ − A µ q ↑ K ↑↑ , we obtain the final form of the action as
We find that the gapless ↓-sector is described by a non-universal Lagrangian r L CQP r + L CQP int for the gapless composite quasiparticles ψ CQP r , in which the singleparticle energy E r and the interactions described by L CQP int depend on system-specific details. The gapless composite quasiparticles are minimally coupled both to the electromagnetic potential with a fractional charge
and to the emergent gauge field β. The emergent gauge field is governed by a Chern-Simons theory L CS . It physically derives from a Hall effect in the top layer, whose gapless edge states carry the background Hall conductance encoded in L A . This Hall effect and the charges of the gapped quasiparticles match a Laughlin state at a filling of 1/K ↑↑ . Finally, the sine-Gordon terms in their strong-coupling phase, contained in L g↑,j+1/2 = (−g ↑,j+1/2 ) cos 2 φ VCB j+1/2 +q ↑ ℓ 2 A 2,j+1/2 , encode the energy cost for quasiparticles in the gapped sector. As we discuss in the Supplemental Material, Eq. (10) can also be obtained from a composite boson theory in a continuum system [65, 67] . The explicit forms of the exact transformations in our CWC, however, allow a direct translation of various operators from the emergent gauge theory into the language of the original electronic fields, which we now use to further analyze our result.
Glueing electrons to fractional quasiparticles. Their effective charge q * ↓ = q ↓ − K ↑↓ K ↑↑ q ↑ suggests an interpretation of the gapless quasiparticles as composite objects composed of electrons in the bottom layer and fractional excitations in the top layer. Indeed, the CWC of Laughlin states in Ref. [60] shows that the number density of Laughlin quasiparticles in a 1/K ↑↑ -state is ρ
rj↑ is defined by Eq. (4b) with n 1 = n 2 = 0. Combined with the density of electrons in the bottom layer, ρ j↓ = r ρ rj↓ , we find that
In its strong coupling phase, H g↑ wants to pin Φ Rjσ − Φ Lj+1σ to a constant value. A change of the bottom layer electron density ρ j↓ → ρ j↓ + 1 thus constitutes an excitation out of the ground state of H g↑ unless we adapt the Laughlin-like quasiparticle density in the top layer as ρ
Gapless excitations of a semi-quantized quantum Hall state hence correspond to electrons in the bottom layer glued to n 1 + n 2 = K ↑↓ Laughlin-like quasiholes in the top layer.
Perfect interlayer drag as a transport signature. Semiquantized quantum Hall states respond to electric fields E σ applied to the two layers with an electric current composed of three contributions. Using S i = d 2+1 x L i , the gapless composite quasiparticles carry the layer-resolved currents j µ
) (the "glued quasiholes part"), while the background Hall current in the top layer is j µ ↑,Hall = − δSA δAµ . The total currents in the two layers can thus be expressed as [65]
where m, n ∈ {x, y}, and with σ mn CQP denoting a conductivity tensor determined by the non-universal scattering mechanisms in the gapless sector.
In agreement with Ref. [54] , we find that Eqs. (13) encode perfect interlayer drag. Consider for example driving a current only in the bottom layer. During its flow, every electron there drags along the Laughlin-like quasiholes in the top layer to which it is glued. Reaching the sample edge, the composite quasiparticle splits up. The electron in the bottom layer leaves the sample and leads to a net current. The quasiholes in the top layer enter the gapless Laughlin-like edge channel, and flow back to the other side of the sample. This edge current cancels the bulk current in the top layer. The corresponding population imbalance of the edges in the top layer translates to an electrochemical potential difference, and thus to a Hall voltage. A similar argument shows that a Hall current in the top layer induces a quantized Hall drag voltage in the bottom layer [54, 65] .
Spectral probes, interaction effects, and fully gapped daughter states. Since the gapless quasiparticles are composite objects, electronic spectral probes such as tunnelling spectroscopy exhibit a full gap. The size of the gap is set by the glueing energy scale H g↑ that needs to be overcome when extracting an electron from the sample. Formally, the above exact transformations show that the original electronic operator can be written as ex-
, where an exponential of θ VCB j+1/2 indeed creates a gapped quasiparticle.
The action in Eq. (10) is closely related to the composite Fermi liquid theory proposed by Halperin, Lee and Read [7] . In this context, interactions between gapless composite quasiparticles mediated by an emergent gauge field as in L CS were studied in detail. It was shown that the combination of the Chern-Simons gauge-field mediated interaction and additional density-density interactions of short range can lead to non-Fermi liquid physics. This will for example be heralded by a non-Fermi liquid scaling of the resistivity with temperature [7, 68, 69] . Future work should extend these analyses by including quasiparticles in the ↑-sector: if those are pinned to impurity sites, L CS states that these quasiparticles generate non-trivial gauge-field disorder landscapes.
Fully gapped states deriving from semi-quantized quantum Hall states, finally, also show tantalizing properties. Consider for example a charge-density wave (CDW) gapping the composite quasiparticles. The nontrivial character of semi-quantized quantum Hall states is handed down to quasiparticles above the CDW gap in two ways: they carry a fractional charge q * ↓ , and exhibit anyonic braiding. Namely, the coupling to the emergent gauge field results in a phase ϕ ↓↓ = 2π K 2 ↑↓ K ↑↑ for a braid of two CDW-quasiparticles, while a braid between a CDWquasiparticle and a quasiparticle in the ↑-sector yields a phase ϕ ↓↑ = −2π
, in agreement with the physical picture of electrons glued to Laughlin-like quasiholes.
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Supplemental Material for "Microscopic theory of fractional excitations in gapless bilayer quantum Hall states: semi-quantized quantum Hall states"
In this supplement, we provide a comparison between the coupled-wire construction presented in the main text, an alternative derivation of the same low-energy action using a continuum theory, and the earlier theoretical picture used in the report of the experimental observation of semi-quantized quantum Hall states. In addition, we detail some of the intermediate steps in the sequence of exact transformations employed in our coupled-wire construction, and dwell on the derivation of experimental responses.
CONTINUUM THEORY AND RELATION TO THE COMPOSITE FERMION PICTURE OF REF. [54] In the study reporting their experimental observation, semi-quantized quantum Hall states are discussed in twodimensional continuum systems using a composite fermion picture [54] . In this section, we substantially extend that analysis along the lines of a continuum Chern-Simons-Landau-Ginzburg theory using a composite boson picture [67] to obtain the full low-energy theory, which is identical to the one discussed in the main text. The coupled-wire construction detailed in the main text thus agrees with the discussion of Ref. [54] where they overlap. Comparing the continuum theory discussed below with the coupled-wire construction of the main text, the latter is in some ways more explicit, and for example has the advantage of a particularly direct translation between quantities in the final low-energy theory and the original electronic operators (see main text).
We begin by summarizing the discussion of Ref. [54] . The flux attachment discussed there amounts to transforming both layers to a composite fermion picture by attaching (K ↑↑ − 1) intralayer fluxes to each electron in the top layer, and K ↑↓ interlayer fluxes to all electrons, with the flux quantum being Φ 0 = 2π/(−e), K ↑↑ being an odd integer, and K ↑↑ being any integer. Note that we call particles "bosons" or "fermions" with regard to their braiding statistics amongst themselves. As discussed in Ref. [54] , the composite fermions in the top layer have the effective filing factors
which for ν ↑,eff = 1 and q ↑ = q ↓ = e agrees with the filling factor constraint found in Eq. (2) of the main text using the coupled-wire approach. More generally, a semi-quantized quantum Hall state corresponds to an integer quantum Hall state of the composite fermions in one of the layers (the top layer in our model). The experimentally observed semi-quantized quantum Hall states for example live at filing factor ν ↑,eff = 2. As argued in Ref. [54] , the Hall response of the composite fermions in the top layer is quantized if only the top layer is driven, reflecting the fact that the composite fermions in that layer form a gapped quantum Hall state. The constraint that the bottom layer does not carry a current leads to a quantized Hall drag resistance [54] .
We now go beyond these arguments put forward in Ref. [54] , and derive the full low-energy theory also in a continuum flux attachment picture. It turns out that a composite boson picture is more appropriate for that purpose than a composite fermion picture. A quantum Hall state corresponds to a situation in which the effective magnetic field seen by the composite bosons is zero [70] . In that case, the system may form a superfluid coupled to the external electromagnetic field and a statistical gauge field. The Higgs mechanism then "eats up" the gapless Goldstone mode and leads to an incompressible state (here, the sector described by the composite bosons will become incompressible) [71] .
Our starting point are two isotropic and homogenous layers containing spin-polarized electrons. While the electrons are considered to interact strongly between each other (both within each layer, and between the layers), no tunnelling is allowed between the layers. In an external magnetic field in z-direction, the second quantized Hamiltonian modelling this system reads [72] 
where the index ↑ (↓) labels electrons in top (bottom) layer, A is the electromagnetic potential, µ is the chemical potential, q σ is charge of the electrons in layer σ, ψ σ is an electron annihilation operators that layer, the repulsive intra (inter) layer interaction is V ( V ), and δρ σ =ρ σ − ρ σ,0 is the electronic density in layer σ measured relative to a reference density ρ σ,0 . The index i runs over the spatial coordinates i = 1, 2, and all vector fields are written in a covariant form using the summation notation. At first, we apply a flux attachment transformation that maps the top layer electrons to composite hardcore bosons by attaching an odd number K ↑↑ of intralayer fluxes in the top layer, and an integer number K ↑↓ of interlayer fluxes to both layers. The transformed Hamiltonian reads
whereφ denotes the composite boson annihilation operator in the top layer, whileψ is the composite fermion annihilation operator in the bottom layer. This transformation is nonlocal, as reflected by the shorthandsâ σ i [ρ ↑ ,ρ ↓ ] being functionals of the original electronic operators that satisfy
We then go to a functional integral picture, and promoteâ σ i to emergent gauge fields by introducing Lagrangian multiplier fields a σ 0 enforcing the constraints in Eqs. (17) . The gauge-invariant extension of the resulting theory reads
where S hc describes the bosonic hard-core interaction, and S int contains the interactions V and V . Note that actual calculations using this emergent gauge theory require gauge-fixing, which we have dropped for clarity as usual.
Next, we perform an exact transformation for the composite bosons following Ref. [67] ,
where the smooth part of the phase is denoted by ϕ, while φ v (x) will describe vortex configurations of the phase (with φ † v (x)φ v (x) = 1). This transformation yields an efficient description of the low-energy physics if the amplitude √ ρ ↑ and the phases are physically relevant quantities, i.e. when the composite bosons in the top layer form a Bose condensate. In the usual treatment of quantum Hall states, one can infer the filling factors at which such a Bose condensate is stable from a mean-field analysis. In our case, this analysis is somewhat complicated by the fact that the composite bosons are still coupled to gapless fermionic degrees of freedom in the bottom layer. Motivated by the experimental observation that semi-quantized quantum Hall state feature an incompressible subsector, however, we from now on assume that we are in a situation where the composite bosons condense, and substitute Eq. (19) into Eq. (18) . Neglecting derivatives of ρ ↑ based on the assumption that the composite bosons are condensed, the bosonic sector of the theory is described by an action
We then perform the Hubbard-Stratonovich-transformation [67] −
where J i is a bosonic Hubbard-Stratonovich field. Integrating out the field ϕ shows that the Hubbard-Stratonovich field satisfies the continuity equation ∂ µ J µ = 0, where we defined J 0 = ρ ↑ (greek indices run the full space-time and thus take values 0, 1, 2). We can automatically satisfy this constraint by introducing yet another gauge field α that relates to J as J µ = ǫ µνλ ∂ ν α λ /2π. We plug this definition into the action, and neglect terms that contain α and more than one derivative. This yields
where we defined the 3-current j µ
, which physically corresponds to the 3-current of quasiparticles in the gapped sector [67] . The emergent statistical gauge field a ↑ µ enters the total action only linearly. When we integrate it out, we obtain the constraint
Next, we also integrate over the field a ↓ µ . By virtue of the constraint in Eq. (23), this leads to S = dx L with
where L ints comprises all remaining interaction terms. Upon shifting the emergent gauge field as β µ = α µ − A µ (q ↑ /K ↑↑ ), we obtain the action
where q * ↓ = q ↓ − q ↑ K ↑↓ /K ↑↑ . As announced, the universal topological low-energy part of this action matches Eq. (10) of the main text obtained from a coupled-wire construction.
COUPLED-WIRE CONSTRUCTION: TRANSFORMATION TO THE DUAL VORTEX PICTURE
In this section, we provide some additional details on how the bilayer of quantum wires is transformed to a composite boson picture in the top layer, to which then a vortex duality transformation is applied. These transformations are exact, and have been introduced in Refs. [63, 64] for single-layer systems. To generalize the transformations to quantum Hall bilayers, we first transform the action to a "diagonal basis" by rewriting it in terms of operators that commute between the gapped and gapless sectors. Starting point is the initial action of the bilayer system using the fields that were introduced in Ref. [56] for Halperin bilayer states,
which obey
where the K-matrix reads
Note that the K-matrix satisfies K T = K. The values of m ↑ , n 1 , and n 2 are dictated by the correlated backscattering processes g j+1/2↑ . The value of m ↓ is at this point undetermined and will drop out of all relevant quantities. With these initial definitions, the Luttinger liquid action of the bilayer system is
where S fs contains forward scattering interactions to be detailed below. The "diagonal basis" is then given by the fields Φ rj↑ (x) and Θ rj↓ (x) defined as
These fields define a diagonal basis in the sense that the commutator of the fields is layer-diagonal, [ Φ rj↑ (x), Θ r ′ j ′ ↓ (x ′ )] = 0. Operators containing only the fields Θ rj↓ thus do not affect the ↑-sector. Introducing the effective charge q * ↓ = q ↓ −
as well as choosing the forward scattering terms in S fs appropriately, the action takes the form
Composite boson picture for the ↑-degrees of freedom Next, we define composite boson fields in the ↑-layer. Following Refs. 63 and 64, this is done by introducing
The action can now be written as
where we have introduced the abbreviation
as well as
Vortex duality transformation Our next step is to perform the vortex duality transformation in the ↑-sector by defining [63, 64] 
We furthermore introduce
. After a bit of algebra, and introducing S α j+1/2 = α j+1 + α j 2 and ∆θ VCB
the vortex duality implies the replacement S 2,CB → S 2,VCB with
COUPLED-WIRE CONSTRUCTION: INTER-LAYER FLUX ATTACHMENT AND LOCAL FORM OF QUASIPARTICLE HOPPING
So far, bottom layer is still described by the fields Θ rj↓ introduced in Eq. (32) . Because these fields commute with the fields in the ↑-sector, one might be tempted to define quasiparticle operators in the gapless ↓-sector as
Hopping between neighbouring wires would then be represented by the operator χ † rj+1↓ χ r ′ j↓ , which unfortunately has a very non-local form. By that, we mean that they cannot be represented by a product of a small number of original electronic operators within a restricted region of space, since for example
This is unsatisfactory for two reasons: first, the free parameter m ↓ seems to be relevant to this discussion. Second, we would like hopping of quasiparticles to be represented by a local operator in the above sense in order for it to be generated at a reasonable order in perturbation theory in the electronic tunnelling in the bottom layer and electronelectron interactions. In addition, we are still missing the interlayer flux attachment. As we show now, the latter resolves the above issues. We find that the correct transformation that attaches interlayer fluxes to both layers, preserves the fact that operators in the two sectors commute with one another, and provides a local expression for quasiparticle hopping is given by
where we used K −1 ↑↓ /K −1 ↓↓ = −K ↑↓ /K ↑↑ . These fields obey the canonical commutators
while all other commutators vanish.
Backscattering within wires, and tunnelling between wires
We define quasiparticles in the gapless ↓-sector as being created by exponentials of the chiral fields Θ ′ rj↓ = r φ j↓ − θ j↓ . While the creation of an individual quasiparticle is highly non-local in terms of the original fermions, we now show that backscattering and hopping of these quasiparticles takes local expressions in the above sense: all string factors completely cancel, and the remaining terms can be written as integer combination of the original electronic fields.
Backscattering of quasiparticles within a wire
Backscattering of quasiparticles within wire j is implemented by exp Θ ′ Rj↓ − Θ ′ Lj↓ . To see that this operator takes a local form in the above sense, we use Eqs. (59), (58), (36) , (32) and (26) to obtain
Backscattering of quasiparticles in the gapless ↓-sector is thus the same as backscattering of the original electrons. This fits the picture of the gapless quasiparticles as being electrons in the bottom layer glued to Laughlin-like quasiparticles in the top layer explained in the main text.
Tunnelling of quasiparticles between neighboring wires
Tunnelling of quasiparticles between wires j and j + 1 is in general implemented by exp Θ ′ rj+1↓ − Θ ′ r ′ j↓ . As for the backscattering, we can rewrite this operator using the definitions of the various fields. We also recall that
With some algebra, we obtain
We thus find that the quasiparticles defined by exponentials of the new chiral fields Θ ′ rj↓ are tunnelled by local operators involving the hopping of an electron in the ↓-layer and the backscattering of electrons in the ↑-layer. Since the tunnelling of Laughlin-like quasiparticles in the top layer is implemented by backscatterings of the original electrons there [61] , this also fits the picture of the gapless quasiparticles as composites of electrons in the bottom layer and Laughlin-like quasiparticles in the top layer.
Transformation of the action
To find the low-energy action of semi-quantized quantum Hall states, we plug to the fields introduced in Eqs. (56) through (59) into the action. In doing so, it turns out to be convenient to introduce a short-hand notation for the string factor appearing in the definition ofθ j↓ . We thus define
Note that α j (x) commutes with itself at different positions. Defining ∆ φ j+1/2↓ (x) = φ j+1↓ (x) − φ j↓ (x) and ∆ θ VCB j (x) = ∆ θ VCB j+1/2 (x) − ∆ θ VCB j−1/2 (x), we find that the action transforms as
where we introduced v ↓ = v ↓ K −1 ↓↓ 2 , and have
Due to the definition of α j , the action is now highly non-local. We can remedy this fact by the introduction of an emergent gauge field α j,µ , for which we initially choose the gauge α j,2 = 0,
and enforce that
We enforce the constraint via a Lagrange multiplier that we absorb into S ′ 2,VCB . After some algebra, the action can be brought to the form
where
Here, we used that j ∆M j+1/2 ∆N j+1/2 = − j (∆ 2 M j ) N j denotes a a discrete version of a second derivative along y (where we used ∆ 2 M j = ∆M j+1/2 − ∆M j−1/2 = M j+1 − M j−1 ).
Low energy effective theory
We are now interested in the strong coupling phase of the sine-Gordon term, for which the fields φ VCB j+1/2 are pinned in a mean field approximation. We begin by integrating out the fields θ VCB j+1/2 that are canonically conjugate to the pinned fields. To that end, we split the action S 2,VCB into parts containing θ VCB j+1/2 , and the rest as
2,VCB + S
Next, we perform a discrete Fourier transformation along y. Using the definition Q 2 = 2 (1 − cos(qa)), the action S
2,VCB can be rewritten as
We are now in the position to integrate out the field θ VCB . Here, the first approximation of our theory comes into play: we keep terms that at most contain two derivatives. We thus throw out all terms that contain, in total, three or more derivatives (including "discrete derivatives" in the y-direction). Next, we further simplify things in the strongcoupling phase of the sine-Gordon terms: there, we only keep terms involving the pinned field φ VCB and at most a first order of derivatives. As for the emergent gauge field, we focus on the leading terms. Those are of the form "current × gauge field". Since the current is a first derivative of the fields φ VCB and φ ↓ , this means that we only keep terms of the emergent gauge field that are at most of first order in derivatives. We then Fourier transform back to real space, and perform the same approximations for S
2,VCB . In addition, we drop a constant term ∆ 2 A 0,j A 0,j that does not couple to the fermionic fields anymore. In the end, we can rewrite the action as
In the strong-coupling phase of the sine-Gordon term, the field φ VCB j+1/2 (x) is pinned to
We thus perform the change of variables
In addition, we identify the quasiparticle density and quasiparticle current operators as
This brings the action to the form
We recognize thatS 2,VCB is a discretized version of
in the gauges A 1 = 0 and α 2 = 0. In total, we thus find that the gauge-invariant extension of the low-energy action in the continuum limit along the y-direction reads
whereū
CHARGES OF QUASIPARTICLE EXCITATIONS
In Eq. (93), the charge of the gapless quasiparticles is somewhat obscured by the fact that they couple both directly to the electromagnetic gauge field A with a charge q ↓ , and to the emergent gauge field α, which in turn again couples to the electromagnetic gauge field. The coupling between the emergent gauge field and the gapless quasiparticles thus mediates an additional channel by which the quasiparticles coupled to the electromagnetic gauge field, which in turn modifies the charge they have. One way to determine the total electric charge of the quasiparticles is thus to shift the gauge field as β µ = α µ − A µ q ↑ K ↑↑ . Plugging this into the action, we obtain
where q * ↓ = q ↓ − K ↑↓ K ↑↑ q ↑ is the effective charge already introduced above. Since the field β does not couple to the electromagnetic gauge field anymore, this new gauge field does not mediate an additional coupling channel between the gapless quasiparticles and the electromagnetic potential, which shows that the effective charge of the gapless quasiparticles is q * ↓ . At the same time, we see that quasiparticles in the gapped sector couple to the electromagnetic gauge field with a charge q * ↑ = q ↑ /K ↑↑ .
Charge operator
One of the benefits of our coupled-wire construction is that it provides us with microscopic expressions for all quantities. This in turn provides alternative viewpoints explaining the effective charges q * σ . The first one is a rewriting of the charge density using the transformed bosonized fields. In terms of the original electronic fields, the total charge density is given by
Next, we use that Θ Rj↓ − Θ Lj↓ = Θ ′ Rj↓ − Θ ′ Lj↓ and shift the summation for the first term to obtain
In the gapped sector, a quasiparticle is associated with a 2π-kink in one of the sine-Gordon terms. Eq. (98) shows that such a kink indeed carries a charge q * ↑ = q ↑ /K ↑↑ . Furthermore, a quasiparticle in the gapless sector is created by an operator ∼ exp Θ ′ rj↓ . Commuting this operator with the charge density operator shows that such a quasiparticle carries a charge q * ↓ , in agreement with the above result.
Electron creation and annihilation operators
It is also interesting to re-express the electronic creation and annihilation operators in the basis of the new fields. With some straightforward but tedious algebra, one finds
Since an exponential of r φ ↓ j − θ ↓ j creates a quasiparticle in the gapless sector, while an exponential of θ VCB j+1/2 creates a quasiparticle in the gapped sector, this tells us that creating an electron is equivalent to creating a quasiparticle in the gapless sector and n 1 + n 2 = K ↓↑ quasiparticles in the gapped sector. Since an electron carries charge q ↓ , and because quasiparticles in the gapped sector have charge q ↑ /K ↑↑ , the quasiparticles in the gapless sector must carry charge q * ↓ = q ↓ − K ↓↑ × q ↑ K ↑↑ , in agreement with the earlier findings.
ELECTROMAGNETIC RESPONSE
To calculate the electro-magnetic responses of a semi-quantized quantum Hall state, in particular its Hall and Hall drag responses, we need to keep track of charges and electric fields in both layer separately. We did not keep track of the layer-resolved electric field up to here, but since the potentials couple to the other fields via the charge q σ , we can simply replace q σ A µ → q σ A µ,σ to resolve the fields in each layer. The background Hall current in the gapped ↑-sector follows from
The gapless sector is described by composite fermions that couple to the combination of fields q *
We can thus split the current of the composite quasiparticles into its contributions in the two layers as
and, similarly,
Current responses if one layer is driven and the other layer is disconnected: perfect drag
We now focus on the electric response of a semi-quantized quantum Hall state in an experiment in which both layers can be independently driven and measured, similar to the setups reported in Refs. [54, 73] . The total current flowing in the top layer is composed of the background Hall response of the gapped sector, plus a contribution of the gapless composite quasiparticles. The current in the bottom layer, on the other hand, is carried only by the gapless composite quasiparticles.
Since the composite quasiparticles in the gapless ↓-sector couple to the electromagnetic potential via the combination of fields q ↓ A µ,↓ − K ↑↓ K ↑↑ q ↑ A µ,↑ , the m-th component of the current of the composite quasiparticles (with m = x, y, not µ = 1, 2) will linearly respond to electric fields as
where E n,σ is the n-th component of the electric field in layer σ (with n = x, y), and where the Einstein sum convention is understood. The conductivity σ mn CQP is a non-universal function that depends on the scattering mechanisms in the gapless layer.
Combining our above results, we find
Driving the top layer. At first, we analyze a situation in which the top layer is driven, while the bottom layer is disconnected. In the steady state, there hence cannot be any current flowing in the bottom layer. From j ↓,m = 0, we find that for σ mn CQP = 0, this implies
We interpret this result as follows: if an electric field E n,↑ is applied to the top layer, the part of the gapless composite quasiparticles in the gapless ↓-sector that lives in the top layer, i.e. the Laughlin quasiparticles glued to the electrons in the bottom layer, is initially accelerated by this field. Since these Laughlin quasiparticles are glued to the electrons in the ↓-layer, the latter will also start to move. As a result, an initial current will flow in the bottom layer. This layer is, however, electrically disconnected by assumption. The current in the bottom layer thus eventually hits the edge, and leads to a charge build-up. The corresponding electric field in the bottom layer opposes the current flow there. The steady state is reached if the net field felt by the composite quasiparticles (composed of the electric field in the bottom layer felt by the electrons there, and the field in the top layer felt by the Laughlin quasiparticles there) vanishes. In this situation, the current in the top layer is then given by j ↑,m = 1 2π 
This response is in line with the argument put forward in Ref. [54] . There, it is argued that the gapless quasiparticles are composite object resulting from glueing electrons in the bottom layer to fractional quasiparticles in the top layer.
In the steady state, the quasiparticles cannot move (that would correspond to a current in the bottom layer). This means that the gapless quasiparticles cannot experience a net force in the steady. Hence, the electric fields in the two layer acting on the two contributions to q * ↓ = q ↓ − q ↑ K ↑↑ /K ↑↓ need to cancel, which in turn implies Eq. (106). Driving the bottom layer. If the bottom layer is driven, a current j ↓,m = σ mn CQP E n,↓ − q ↑ q ↓ K ↑↓ K ↑↑ E n,↑ will flow there (as mentioned above, the current has some non-universal value reflecting the microscopic scattering mechanisms in the gapless subsector). If the top layer is electrically disconnected, we must have j ↑,m = 0. This condition requires an induced Hall voltage in the top layer. Namely, the absence of a current in the top layer implies that 1 2π
Let us for concreteness analyze the case that the current in the bottom layer flows in y-direction according to
This implies that 1 2π
K ↑↑ j ↓,y . We can thus again define a Hall drag resistance, now for the top layer, which equals
This response is also in agreement with the arguments presented in Ref. [54] : a current in the bottom layer necessarily is a current of the gapless composite quasiparticles (at least in the linear response regime). Because the quasiparticles are composed of electrons in the bottom layer and Laughlin quasiparticles in the top layer, this current of quasiparticles implies a current in the top layer as well. However, the top layer is electrically disconnected, such that it cannot carry a net current. The bulk current due to the quasiparticle flow must hence be compensated by a Hall current flowing at the edges of the top layer. In simple pictures, when the composite quasiparticle hits the edge, it splits up: the electron in the bottom layer hops out of the sample and leads to a net current flow. The Laughlin quasiparticles in the top layer enter the gapless edge channel, and along the edge flow back to the other side of the sample. This leads to a population imbalance of the edge channels on the two sides, which in turn translates to an electrochemical potential difference transverse to the edge channels, and thus a Hall voltage in the top layer.
These braiding phases are consistent with the picture of the quasiparticles in the initially gapless ↓-sector as being composed of electrons in the bottom layer and Laughlin-like quasiparticles in the bottom layer, while the emergent gauge theory discussed in the main text shows that quasiparticles ↑-sector are similar to Laughlin quasiparticles. Braiding of quasiparticles in g k,CDW sine-Gordon terms. Our discussion of Sec. shows that quasiparticles in the ↓-sector are moved around by exponentials of
One can check that this operator indeed moves a quasiparticle in the ↓-sector from wire j to wire j + 1 while leaving the ↑-sector untouched. The phase picked up by a quasiparticle in the ↓-sector is given by
This tells us that braiding a quasiparticle in the ↓-sector around another one of these quasiparticles yields a phase
while braiding an ↓-quasiparticle around a ↑-quasiparticle yields a phase of
